Kernel Induced Random Survival Forests (KIRSF) is a statistical learning algorithm which aims to improve prediction accuracy for survival data. As in Random Survival Forests (RSF), Cumulative Hazard Function is predicted for each individual in the test set. Prediction error is estimated using Harrell's concordance index (C index) [Harrell et al. (1982)]. The C-index can be interpreted as a misclassification probability and does not depend on a single fixed time for evaluation. The C-index also specifically accounts for censoring. By utilizing kernel functions, KIRSF achieves better results than RSF in many situations. In this report, we show how to incorporate kernel functions into RSF. We test the performance of KIRSF and compare our method to RSF. We find that the KIRSF's performance is better than RSF in many occasions.
INTRODUCTION
Survival data are often analyzed using methods that have restrictive assumptions such as Cox proportional hazard models (1972) . Selecting variables or two-way and three-way interactions are very challenging and in practise, we must rely on experience and subjective knowledge to choose pertinent variables and their interactions. Usually, ad hoc approaches such as stepwise regressions are used to investigate if nonlinear effects or interactions are significant.
Tree models have been a useful alternative to Cox proportional hazard models for the exploration of survival data.
Trees usually have fewer assumptions and can handle a large variety of data structures. Tree models adaptively partition the covariate space into regions and data into groups. For a categorical covariate, the spit has the form of "X j ≤ c or X j >c". Some measure of separation in the response distribution such as likelihood ratio test statistic between the two groups is calculated. The covariate and the split point that best separate the two groups are chosen and the same procedure is applied to the subgroups until many disjoint groups has been formed. Several tree based models has been proposed to analyze right censored survival data. Segal [1] uses log-rank statistics as split functions to build survival trees. Davis and Anderson [2] use an exponential log-likelihood split criterion to build an exponential survival tree model. Leblanc and Crowley [3] proposed a relative risk tree model. However, tree models have the disadvantage of instability due to their greedy search for best predictors, for best splits and search multiple times.
Tree ensemble methods such as random survival forests (RSF) developed by Ishwaran, et al [4] can solve the problem of instability of a single survival tree model. RSF consists of many survival trees. The construction of each tree involves two randomizations. One is to randomly draw a bootstrap sample from data. The other is to randomly draw a subset of predictors. The final decision is based on the average of prediction results from all the individual trees. According to Ishwaran, et al [4] , prediction error is estimated using Harrell's concordance index (C index) [Harrell et al. (1982) ] because C index can be interpreted as a misclassification probability.
In this paper, we take advantage of kernel functions which allow linear learning classifiers to perform non-linear learning. The aim is to improve prediction accuracy of RSF. We observed that our method improves RSF greatly in terms of prediction accuracy.
COX MODEL
One of the important problems in survival analysis is to predict the distribution of the time to some event given a set of covariates. Cox proportional hazards model is also called Cox model or sometimes semi-parametric regression model. In Cox model, it assumes that the hazard functions of two individuals are proportional for all values of time t,
where λ i (t) is the hazard function for individual i at time t; λ 0 (t) is the unspecified baseline hazard; z i is the px1 vector of covariates for individual i; ß is px1 vector of unknown parameter.
According to Cox (1972 Cox ( , 1975 , inference about ß can be done without worrying about λ 0 (t), which means ß can be estimated by maximizing the partial likelihood function instead of the true full likelihood function. The partial likelihood function has the following form:
Here we assume that we have a random sample of n possibly right censored survival times (t 1 , δ 1 ), (t 2 , δ 2 ), , (t n , δ n ). δ i =1 if individual i is not censored; 0 otherwise for all i =1,2, , n. y j (t) = I (t j ≥ t) , which is equal to 1 if individual j is still under study at time t, 0 otherwise. The partial likelihood formulas implies that censored individuals does not contribute to the partial likelihood at the time they are censored, but do contribute to the partial likelihood at other time points through the risk set (Risk set includes all individuals under study at a certain time t). Relative risk or hazard ratio can be obtained after parameter vector ß are estimated. The relative risk or hazard ratio is the ratio of the hazard functions that corresponds to a change of one unit for a given covariate while the other covariates remain the same. The general form is:
When number of covariates is large, it is a big challenge to decide which interactions should be considered to be included in the model. However, tree models can handle interactions automatically. In next section, we discuss about survival tree models.
RELATIVE RISK SURVIVAL TREE
Trees usually have fewer assumptions and can handle a large variety of data structures. Tree models adaptively partition the covariate space into regions and data into groups. For a categorical covariate, the spit has the form of "X j ≤ c or X j >c". Some measure of separation in the response distribution such as likelihood ratio test statistic between the two groups is calculated. The covariate and the split point that best separate the two groups are chosen and the same procedure is applied to the subgroups until many disjoint groups has been formed.
Many methods have been proposed to construct a survival tree. We will focus on relative risk survival tree in this section. Same as Cox proportional hazard model, relative risk survival trees assume that hazard rate could change over time, but is proportional to the baseline hazard. The hazard rate for individual i at time t has the following form:
where θ i ≥0 and λ 0 (t) is the baseline hazard at time t for all individuals.
The key difference between relative risk survival tree and Cox model is that Cox model assumes an exponential form for the relative risk part, which is i z e   . On contrary, relative risk survival tree does not specify any form for θ i . θ i is just an unknown parameter. Hence, we say that relative risk survival tree is a non-parametric model, but Cox model is a semi-parametric model. The aim of the relative risk tree model is to estimate relative risk θ i for individual
i. An example of a binary tree structure with three terminal nodes is shown in Figure 1 .
For a relative risk survival tree, in each node, the splitting covariate and splitting value are determined by maximizing deviance deduction. The deviance in node k can be obtained by the following procedures.
Figure 1. An example of a binary tree structure with three terminal nodes
We assume that T is the time under observation and δ is an indicator of failure. X= (X 1 , X 2 , , X m ) are a vector of M covariates. Suppose U is the true survival time and V is the true censoring time, T= min (U, V). Also, assume that the U and V are independent given X. The full likelihood of the training sample for a tree T can be expressed as
In practice,
is unknown, but can be estimated numerically. An extensive discussion can be found at [3] . Then, the deviance in node k is defined as:
where s k is the set of all observations falling in node k, and are the maximum likelihood estimations of θ k and the baseline cumulative hazard function.
For individuals that fall in the same terminal node k (k = 1, 2, 3 in this case), we say that they have the same relative risk θ k . Also, we can obtain the relative risk between two different groups who fall into two different terminal nodes i and j by . j i   Although tree model can handle interactions automatically, it is a very unstable method due to its greedy search for best covariate and best split value. Adding one noise point in the data set can change a tree model structure significantly. As well known, tree ensemble methods are very stable and can achieve high prediction accuracy. 
RANDOM SURVIVAL FORESTS
All individuals within the terminal node h have the same CHF.
Suppose individual i has a d-dimensional covariate x i . Then the Nelson-Aalen estimator for CHF for individual i is
when i falls into terminal node h. According to Ishwaran, et al. [2008] , the bootstrap ensemble [4] , let (T 1 , δ 1 ), (T 2 , δ 2 ), , (T n , δ n ) denote survival times and censoring status for the non-bootstrapped data, the ensemble mortality for i is defined as Using this rule, compute C as outlined above. Denote the OOB estimate by C**. The OOB prediction error, PE**, is defined as 1 -C**. Note that 0 ≤ PE** ≤ 1 and that a value PE** = 0.5 indicates prediction no better than random guessing.
In this paper, we aim to decrease prediction error by introducing kernel functions to Random Survival Forests. In next section, we show how to incorporate kernel functions into Random Survival Forests.
KERNEL INDUCED RANDOM SURVIVAL FORESTS

Kernel Functions
In the last decade there has been a surge in the number of statistical algorithms that have been shown to benefit from kernels. Kernel Principal Components Analysis (kPCA) [9] and the support vector machine (SVM) [10] are two typical statistical methods which use kernels to study high dimensional data. Although tree models are not linear classifier as PCA and SVM, we still believe it will benefit from kernel methods.
Kernel functions can map data to higher dimension and then take inner product without explicitly writing out the new feature space. For example, we assume there are two covariates X 1 and X 2 . For individuals i and j, 
R R  . A linear model on the new feature space is thus equivalent to a non-linear model on
the original feature space. The great advantage of kernel methods is that we don't have to find the new feature space explicitly because they could be even infinite. The kernel functions we use in this paper are polynomial kernel and Gaussian kernel. A polynomial kernel with degree
where c is a tuning parameter. A Gaussian kernel is defined as
where 2  is a tuning parameter. The Gaussian kernel is also referred to as a radial basis function (RBF) kernel.
Kernel methods are suitable for data sets which have non-linear patterns. By performing linear analysis in higher dimension, it is equivalent to perform non-linear analysis in lower dimension. 
Kernel-Induced Random Survival Forests
The new covariate is observation-based and kernelinduced, i.e., if we consider all n observations in the learning set, then we will have n such kernel-induced covariates,
These new covariates or features are different from the inexplicitly new covariates or features that kernel functions imply. Since the new features are kernel induced, we call this method as kernel induced random survival forests (KIRSF). KIRSF applies the same algorithms as random survival forests. The key difference is that we use n by n dimensional new kernelized data instead of the n by d dimensional original data. In next section, we compare the performance of KIRSF to RSF.
EXAMPLES AND RESULTS
A simulated example
Suppose that the survival time of the population of interest follows exponential distributions with the rate parameters of λ 1 =0.1 and λ 2 =0.5. There are 20 covariates which are generated by using Ringnorm in the "mlbench" library in R. The survival times are censored by a uniform distribution [5, 10] . We simulated 1,000 observations and randomly chose 100 as training set to build models. Then the trained models are used to obtain the predicted values for the cumulative hazard functions for the unused 900 observations. The first six observations are shown below: c t X3 X4 X5 X6 X7 X8 X9 X10 X11 X12 X13 X14 X15 X16 X17 X18 X19 X20 X21 X22 Gaussian Kernel is a good choice for KISRF here. The experiment is done with 50 realizations using different random seeds. The results are summarized in Table 1 and the box plot of the error rates with 50 realizations is shown in Figure 2 . According to the results of two sample t-test, t value is 19.82, degree of freedom is 98 and p-value is smaller than 0.0001. We conclude that KIRSF improves RSF significantly and performs better not only in terms of accuracy, but also in precision. The survival functions for each individual in the training set using RSF and KIRSF are shown in Table 2 . We are interested in the treatment related mortality or death in remission without their platelets returning to normal levels. We randomly split the data into training and test set with 90% and 10% of the observations, respectively.
BMT data
Linear kernel is used and the experiment is done with 100 realizations. The results are summarized in Table 3 and the box plot of the error rates with 100 realizations is shown in Figure 5 . According to two sample t-test results, the t value is 5.5, degree of freedom is 198 and the p-value is smaller than 0.0001. We conclude that the improvement is statistically significant. Hence, KIRSF performs better than RSF in terms of prediction accuracy. The survival functions for each individual in the training set using RSF and KIRSF are shown in Figure 6 and 
CONCLUSION
In this work we introduce how to incorporate flexible kernels into random survival forests while still keeping the random survival forests mechanism. We replace the original data by kernelized data and respect the random survival forests principle. Our method is applied to simulated ringnorm data set and real world data set: bone marrow transplant data. The experiments' results show that KIRSF reduce prediction error by 20 percent compared to RSF for the ringnorm data and over 30 percent for the BMT data. In addition, the sample standard error in KIRSF is smaller than those in Random Survival Forests. Hence, we suggest that if non-linear pattern exists in the data sets, using kernelized data instead of original data may decrease the prediction error greatly.
DISCUSSION
Dimension Reduction
In this paper, we consider all of the covariates when we apply kernel functions. However, when number of covariates is large, Computation efficiency is a concern. To eliminate noise covariates and keep a good computation load, it is necessary to conduct variable selections before we apply any kernels to survival data. Some variable selection techniques for survival data are listed as below: Lasso methods were more accurate than stepwise selection [5] . A Bayesian variable selection method for censored data [6] approximated the posterior distribution of the parameters for the proportional hazard model by the maximum partial likelihood estimator. Bayesian information criterion [7] was proposed by modifying penalty term in the criterion for predictor variable selection. A predictor variable selection method was proposed through non-concave penalized likelihood [8] . Hence, one of the variable selection techniques could be used before applying kernel functions to the data set. By reducing the number of covariates, we can not only improve computing efficiency, but also can take better advantage of kernel functions.
Another Future Work
We demonstrate how to incorporate kernel functions into Random Survival Forests. The implementation of our method to a wide range of data sets should be investigated. We only apply our method to Ringnorm and BMT data.
Hence, it would be interesting to find out the patterns of data sets in which better prediction accuracy can be achieved by using different types of kernel functions.
